the Chirikov overlap criterion (Chirikov, [1979] ), Karimabadi et al., [1990] considered the conditions at which all resonance state break up. They showed that the stochasticity occurs when the amplitude of the obliquely propagating wave is large enough. Electron precipitation caused by chaotic motion due to coupling the bounce motion of non-relativistic electrons with a large-amplitude whistler wave has been studied by Faith et al., [1997] .
The goal of work is to describe the high-energy electron motion in a coherent packet of whistler modes. Stochastic dynamics of charged particles in the field of a wave packet is one of the fundamental problem in the theory of plasma physics (Lichtenberg et al., [1983] ; Zaslavsky et al., [1991] 
where p is the particle momentum, r is the position vector, A = A _ + A ext the vector potential, the superscripts w and ext denote both the wave and external fields, and [ , ] stand for the Poisson brackets.
We have employed here and throughout this paper, the frame of reference in which the speed of light c = 1 and charge [el = 1.
We denote by R the set of all real numbers.
Then p E R a,r E R a, and the smooth manifold M = R 6 will be a canonical space of this dynamic system, and R _ = R a x R 3 is a direct product space.
we have in the coordinate representation r = (x,y,z),
= zk -t k,
Here the expression for A _xt is written in the axial gauge, Ak is the amplitude of mode in the wave packet, k is the wave number, and wk is the dispersion equation.
The dispersion relation for electron branch of the whistler mode waves in the cold magnetoplasma is written as
where wB and wp are the gyrofrequency and electron plasma frequency, respectively.
This equation in a long-wavelength approximation (wBw/w_) << 1 reduces to <<1.
In (!5) we omit the terms of the order of #2 and introduce the definition for the phase
Now the structure of wave packet, AW(t, z) = Ek Ak exp[i(zk+O--twk)], is to be specialized. 
Here we have assumed that the ratio # = A/m << 1 is the small parameter of the problem, and retain in (11)only the leading terms.
Associated with (11) the equations of motion are 
where k0, w0 are the characteristic wave number and frequency, Aw(Ak) is the group dispersion in wave spectrum, so that
vgr is the group velocity,
L, T are the length-and the time. scales of the problem, Z denotes the set of all integers.
Then we suppose that the characteristic spectral amplitude Ao is a slowly varying function on t and z such that
Ao/wAo _-1/wT (<< 1), VAo/kAo _-1/kL (_< 1),
and write down the wave packet in the form
Define the parameter, r] namely, the ratio of the particle velocity along an ambient magnetic field to the group velocity, = (
In the limit, Ak -+ 0, r/--+ 0, expression (21) can be transformed into
There is the time-like representation (TLR) of a wide wave packet.
The Poisson sum (25) has employed in 24. Here 5(-) and the Dirac 5 function.
In another limit Aw --+ 0, r] -+ ec, we can easily show that the wave field takes the form of the space-like (SL) wave packet The TLR of the electric field of the electrostatic waves was used by Chernikov et al., [1989] to derive the relativistic generalization of the standard map. On the other hand, the SLR has been utilized in Klimov et al., [1995] to describe the stochastic motion of relativistic particle in the electrostatic field of Langmuir waves, whose group velocity is small as known.
3. Particle dynamics in a space-like wave packet
We specify first the wave spectrum of a packet. Let us assume that the wave packet is given by (26). Thus, we will consider a relativistic electron motion in the space-like packet (SLP) of the whistler mode waves. In this approach dropping the subscript "0"
we write down the equations of motion (14) and (15) in the form: 
_z= ;/,_, €, = 2_/gg7_I/._, _ = _/,_, where E = x/rn 2 + p2 + 2mwBI is the particle energy, and the parameter, c_,
we write down expression (32) as
Now the explicit form of iteration system is to be found. Denote by dp, cl(, dt the coThen, using the further result ordinate basis of 1-form on an extended phase space.
Ld¢ = PHoldt, we represent equations (27, 31) as
where 6n ----6(¢ -n). Making use of the invariant of motion (35), and integrating one by one resulting equations, we obtain the closed set of nonlinear difference equations
Un+ 1 :
--Un+ 1 VphVl-_- 
Here N is the characteristic number of modes in the SL packet.
The quantity w has a clear physical meaning: w is the dimensionless representation of the ratio of the work of the wave field at one wavelength, to the particle rest energy. Regarding the relationship In the relativistic limit, when the inequality c 2 >> 1 is valid, the set of equations (38) goes
over into the map: written in the perception (mod 2_r),
The map g_, or rather the family of maps depending upon the parameter, becomes suitable for sequential analysis, So hereafter we deal with high-frequency heating of relativistic particles, expressed in terms of the discrete group g_, that acts on the smooth manifold.
Denote by
the Jacobi matrix of map (41). It is important to note that the Jacobian of (43) is equal to one, therefoie, g_ has a structure of the differentiable area-preserving map. It stands to reason that u and _b are the canonical pair of variables.
We now study the behavior of this dynamic system by computational analysis. We have numerically integrated equations (38) and (41) Next we describe the structure of the point set. Let us consider a pair (M, gn), where M is a smooth manifold and gn is the differentiable area-preserving map (41). From (41) follows that a pair (M, g_) is invariable under the inversion of a point with respect to a circle ¢(mod21r) E S, and the reflection of a point on a O¢ -axis. On that basis, we define the following equivalence rules:
where _ stands for the equivalence sign.
The identification of these points is indicated by the arrows in Figure 1 .
The equivalence rules (44) allow us to represent phase space of the system as the space having the topology of a torus, , [1980] ).
Now we discuss local topology of the manifold considering a Jacobi matrix given by (43).
Denote through %1 and A2 the eigenvalues of the matrix J. Recalling that local structure is determined by neighbors of fixed points, we have from (43) and (39) det
where det J and trJ denote the determinant and the trace of this matrix, respectively.
As pointed out in Arnold et al., [1968] 
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SinceAI and A2arethe dynamiccharacteristics suchthat A2> 0, AI > l,and the ratio At/A2 is an irrational number,thereforethe map (¢_,un) = gn(¢o, Uo), (_0, Uo) is an initial point of phase curve, forms a stochastic.phase flow with the mean rate of a loss of
K is the Kolmogorov entropy.
Present conditions (46) and (47) ensure that the relation (50) take place, and it determines the upper bound of {u}.
Like that the set {u, _} is a compact, whose structural stability is determined by the
We call any compact a probabilistic fractal if its topological dimension is less than df and [1982] . In our case both these conditions are valid.
As seen in Figure 1 (1
obtainable phase space, or in other words, all states of our dynamic system are equivalent.
This issue is supported by simulation in Figure 2 on which is represented a joint probability density, p (¢, u) . The following algorithm was used for computing p. We partition all the On these timescales, the change in u is smaller (the numerical calculations indicate the characteristic time for establishing the uniform distribution in u is proportional to T/Q 2 at Q << 1), therefore, the variable u is a slow varying coordinate on the strange attractor.
Statistical aspect of the problem will be studied in more detail in Sec.5.
4. Non-relativistic electron motion in a time-like wave packet
We now discussed the dynamics of non-relativistic electrons in the wave packet of the whistler mode. In the case, the condition vz/Vgr < 1 is valid, therefore by means of (24)
The equations of motion associated with (54) are
(5s)
In (59) we retain only the leading terms on condition that A/mvt is a small parameter of the problem.
Since the whistler wave frequency w is smaller than the electron cyclotron frequency WB, electrons in general must move in the opposite direction as waves in order to match the resonance condition
In view of this fact and also taking into account the relation _BI = mv2t/2, we write tile invariant of Hamiltonian flow (58, 59 ) as
v t
where v_ = Vph(WB --w)/w is the resonance sPeed of an electron.
To understand the physical picture of the stochastic motion we use the overlap criterion Chirikov, [1979] . In the broad wave spectrum case given by (25), the condition (60) describes the family of the resonance states.
First varying this equation we evaluate the interval between an adjacent resonance states in the velocity space as kAvz _--Aw = T -1,
where N is the characteristic number of modes in the TL-packet.
Then it avails oneself of equation (57) 
where we have again used the notation
Now from the overlap criterion, 5v >_ Av, and the two above expressions the following relation results
Note the term in the RHS of equation (57) 
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Now we may be able to estimate the value of wave field at which an electron motion becomes stochastic. We substitute the value of v_ from (64) in (61) at vz = 0 to obtain
Now we turn to the equations of motion. We use (61) and the expression mv2t/2 = WBI once more to represent the equations of motion in the form
By integrating these equations can be transformed into a map, G _,
where subscript n refers to values taken at time t = nT, and the new variab]e, u, has introduced by the relation
Here Vo is the all perpendicular (to B) speed of electron, and the new parameters are
We have numerically integrated equations (68) Thus the Jacobian of the matrix of Q_, detJ --1, therefore G n is the measure-preserving U × S. Thereby we map, and _, u are the symplectic pair on the smooth manifold, M :
apply the condition (50) to (68), to find the expression
that welt determines the lower bound inf{u} of the stochastic set.
Substituting (69) and (70) in (71) we get
( 72) which is in good agreement with the numerical solutions and results of qualitative analysis.
So we resume that nonlinear electron acceleration by a wave packet of the whistler mode waves is always a stochastic process.
Diffusion evolution
Particle dynamics in random electromagnetic fields is known to be described by the quasilinear theory (QLT) (Sagdeev et al., [1969] ). The QLT approach in particular, has been employed to deal with diffusion of electrons in the turbulent field of whistler waves packets (Kennel et al., [1966] ), (Summers et al., [2004] ). In coherent electromagnetic fields, on the other hand, the particle dynamics are not described by these theories. The nature of diffusion in this case is described by stochastic dynamics of particles, when the motion along stochastic trajectories gives rise to the so-called deterministic diffusion (Liehtenberg et al., [1983] ). General mathematical and physical aspects of this problem have been discussed, for instance, in reviews (Arnold et al., [1968] , Zaslavsky et al., [1991] which holds if Q << 1 (ZasZawkv et at., [1991] ).
Here D is the conventional diffusion coefficient in phase space,
in which (un+l-u_) is substituted from (41), and <. > denotes the phase average, T is the timescale of mapping (41). The function f(u, t) belongs to the space of all differentiable functions supported in [-_v, 7r] , and the functional is the condition of normalization.
7_
First, by means of (41) we calculate using (74) the diffusion coefficient
Then, making use of the result (50) proved above along with (73) and (76), we evaluate the characteristic time for redistribution u over the spectrum 
We know, that the variables u and € are related by (42). This allows us to attach all possible states of e a probabilistic measure, namely, the probability density, f(c, t), which is associated with f(u, t) via the measure-preserving Point transformation 
The restriction on ¢ in (84) is needed because the energetic spectrum is bounded above by €b-Then from (82), (83) and (73) we find the characteristic time to establish the distribution
Now via (81) we evaluate the means 
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Then by meansof (70) alongwith (71) and (70),we calculateby formulas (74) and (77) the diffusioncoefficient
and the characteristic time for redistribution u over the spectrum td = 4T/Q 2 = 16Tv_w2/N2a2b2W2B.
Next using the normalization for f (u, t) in the FPK equation: it follows when t > td the distribution function can be given by
This means that the random variable u is evenly distributed on [uc, 1] .
Now from the transformation f(u) du = f(v) dv and the relation u = vt/vb we obtain
Taking account of (88), by (92) we derive the quadratic mean of vt
the mean value of tvzl and the mean velocity
Then we define by <Vz >=0. 
The threshold energy s_ is a function of the magnitude of wave field, b, and, in view of (71) 
5(e -const).
Thus f(e) describes the density of states in an energy SPaCe, the mean particle energy and relative standard deviation can be calculated by f° f(4 de --1/3(€0 -co) + co, Now we describe the effects associated with stochastic heating of high-energy particles.
First, we discuss the pitch angle distribution in a range of non-relativistic energies.
Denote by )iv the pitch angle, and let X be its complementary angle. Then we define
and use equations (61) to represent tan X as a function of u(u = vt/vb), namely,
Then via (91) and the measure-preserving point transformation f(u)du = f(x)dx, we find the angle distribution
Equation (112) 
is a symmetric function on (-7c/2, 1r/2). However, the explicit expression for f(x) has a very complicated form. The following asymptotic formulas are valid:
where €_ and Co are given by (100) and (101).
Making use of these equations, we conclude that the function f(x) governing the distribution of angles is a convex symmetric function of X, having the maximum at X = 0 (Xp = _r/2). The result indicates also that particles are equally likely to be scattered in the direction with or against the wave. To this may be added that the given function is an increasing function of the particle energy on (co, Co), and it hinges asymptotically on ¢ as (€ -Cc) near the energetic threshold, and as V/_/c? -1 at € > 2cc.
Let us discuss particle scattering in a range of relativistic energies.
Because Aim << 1, we write tan X= vz/_, _ P_/_, _ _/€_, _ e (-_/2, _/2).
at energies above 1 MeV.
Taking account of the invariant of motion (35) we derive the following dependence
and its dependence on the particle energy
The function given by (120) is the concave symmetric function of X, which has a maximum at X --_r/2 (Xp --0), and its derivatives tend to infinity as X -+ ±_/2. This function describes the so-called U-like distribution.
Since the magnetic field is constant, the gyroradius is a direct measure of the perpendicular electron velocity. Thus the stochastic heating will be accompanied by a radial drift of particles in space. Indeed, in view of the relation r = Vt/WB and (107), we get the following expression
where Dt is the coefficient of collisionless diffusion across the ambient magnetic field. Then we evaluate the radial drift in a range of relativistic particle energies.
First via (9) and (35) we get the relation.
Now we write down the diffusion coefficient as 
